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Abstract 

Microscopic tests of the exact results are performed in = 2 supersymmetric SU (2) 
QCD. We present the complete construction of the multi-instanton in = 2 super- 
symmetric QCD. All the defining equations of the super instanton are reduced to the 
algebraic equations. Using this result, we calculate the two-instanton contribution J^2 
to the prepotential J- for the arbitrary Nf theories. For A'^^ = 0, 1, 2, instanton calculus 
agrees with the prediction of the exact results, however, for Nf = 3, 4, we find discrep- 
ancies between them. We propose improved curves of the exact results for the massive 
Nf = 3 and massless Nf = 4 theories. 
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1 Introduction 



In the last few years, much progress has been made in the study of the strongly coupled 
super symmetric gauge theories. Under the holomorphy and the duality, the low energy ef- 
fective actions of = 2 supersymmetric Yang-Mills theory and supersymmetric QCD in 
the Coulomb phase are determined exactly for SU{2) gauge group and later for larger 
gauge groups0-p. These low energy effective theories reveal the interesting results like the 
monopole condensation [|I| and new supersymmetric conformal field theories]^, ^ |^ and so on. 

The exact results predict the non-perturbative corrections from instanton. In supersym- 
metric theories, the dependence on the coupling constant of the instanton corrections is com- 
pletely fixed by the holomorphy and symmetries. Thus it is enough to calculate in the case 
where the coupling constant is almost zero. In this limit, the saddle point approximation, 
namely the instanton calculus becomes exact. Furthermore, the instanton calculus in super- 
symmetric theories is safe from the infrared divergence, while the instanton calculus in the 



ordinary QCD is plagued by it [|10], |TT], |T2|. Therefore, the instanton calculus gives a reliable 
non-trivial test of the exact results. For N = 2 supersymmetric SU{2) Yang-Mills theory, 
various checks of the exact result have been performed 0, 0, |15|, |16|. And in Jl^ the one- 
instanton calculus was extended to = 2 supersymmetric SU{Nc) Yang-Mills theories. All 
the microscopic calculi above agree with the exact results. 

The situation was changed in A^ = 2 supersymmetric QCD. The instanton calculus in A^ = 



2 supersymmetric SU{2) QCD was performed recently by two independent groups [T^, 0, pO|] . 
A discrepancy between the instanton calculus and the exact result was first observed in A^ = 2 



supersymmetric SU{2) QCD with Nf = 3 flavors [|T^. Since the exact result for Nf = 3 
is derived uniquely from the exact result for the massive Nf = 4 theory by the decoupling 
argument, it also gives a discrepancy in the massive Nf = 4 theory. Soon after that, for the 
massless Nf = 4 theory, another discrepancies were found in the effective coupling |^ and the 
moduli parameter . 

The aim of the present paper is to give a systematic derivation of the results presented in our 



short letter|T9| and detail comparisons with the exact results. In A^ = 2 supersymmetric SU (2) 
QCD, there is a parity symmetry between hypermultiplets, and then only contributions from 
even number of instanton exist [0]. Thus the instanton corrections start from the two-instanton 
sector. The construction of the supersymmetric multi-instanton in A^ = 2 supersymmetric 
SU (2) QCD was partially presented in |T^. In this paper, we present the complete construction 
of the supersymmetric multi-instanton in A^ = 2 supersymmetric SU{2) QCD and derive the 
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supersymmetric instanton action. Another approach to the related topics was developed in 
pO| . We also give some new results. The main new results are the extension of the two- 
instanton calculus to arbitrary Nf theories and a proposal of improved curves for the massive 
Nf = 3 and the massless Nf = 4 theories. 

The outline of the paper is the following. In section 2, we briefly review the exact results. 
In section 3 and section 4, we construct the supersymmetric multi-instanton in = 2 super- 
symmetric SU{2) QCD. In section 3, we derive the defining equation of the supersymmetric 
instanton and the leading-order Lagrangian. In section 4 we extend the method used in = 2 
supersymmetric Yang-Mills theory |p!^ to A^ = 2 supersymmetric QCD and find the supersym- 
metric instanton action. The construction of the supersjTiimetric instanton is generic and not 
restricted in the two-instanton sector. In section 5, we perform the two-instanton calculus 
in A^ = 2 supersymmetric SU{2) QCD with arbitrary flavors. In section 6, we compare the 
instanton calculus and the exact result. It is found that there exist discrepancies between 
them. In section 7, we summarize our conclusion and discuss the improvements of the curves 
of the exact result. In appendix A, B and C we give our conventions, the Lagrangian of A^ = 2 
supersymmetric QCD and the supersymmetric transformation respectively. In appendix D, 
the regularization scheme of the instanton calculus is discussed. 



2 Brief review of the exact results 



In this section, we briefly review the exact results derived by Seiberg and Witten [|l|. We 
consider the Coulomb phase of A^ = 2 supersymmetric SU (2) QCD. In the generic point of the 
Coulomb branch, the gauge symmetry breaks spontaneously to U{1) and all hypermultiplets 
are massive, and therefore the light degree of freedom which survives in the low energy effective 
theory is the U{1) vector multiplet. The holomorphy determines the low energy effective 
Lagrangian for the massless vector multiplet except for the prepotential J-'{A); 
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where A and Wa are the A^ = 1 chiral superflelds in the N = 2U{1) vector multiplet. In the 
semiclassical region, the prepotential are expanded by. 
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where we define a = (A) j1. The first term is the one-loop correction and the others are 
instanton corrections. The coefficients T^n+x vanish for N ^ > 1 by the parity symmetry. 

Seiberg and Witten derive the exact form of the prepotential, based on the physical con- 
jecture: the duality and the physical interpretation to singularities of the moduli space, which 
is parameterized by a gauge invariant parameter u = (tr^^). They introduce = dJ-'/da, 
which is related by = 2 supersymmetry to the dual photon. The pair [an, a) is a holomor- 
phic section of an SL{2, Z) bundle over the punctured complex -u-plane. The exact results are 
given as the period on the torus of the holomorphic differential. For the massless theories, the 
tori are given by the elliptic curves. 



Nf 
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and their results are given by. 
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By calculating the inverse function of a{u), we obtain the moduli u{a). Inserting u{a) to 
ttD^u), we get the exact form of the prepotential. The exact results predict all the series 
of multi-instanton corrections to the low energy effective Lagrangian and the moduli u. We 
obtain lower order coefficients. 
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The coefficients of the higher order corrections are obtained systematically by Picard-Fuchs 
equation There is the following relation between the moduli and prepotential |2^, 0, 0], 
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In the case when Nf=A, Seiberg and Witten assert that the quantum theory has exact scale 
invariance, and that both the moduh u and prepotential receive no quantum correction, 

u = 2a^, T = l-Ta\ (2.9) 

where t = + ^-Kij is the classical coupling constant. 

When the hypermultiplets have non-vanishing bare masses, the torus is deformed by the 
bare masses. According to the decoupling relation: vr?^~t^^'^^^ = A%^^}f^ ^\ the elliptic 
curves corresponding to different flavors are related each other. For example, the family of 
the elliptic curves for the massive Nf = 3 theory is given by, 

7/2 = a;2(^a; -u)- ^A^(x - uf - ^{^1 + ml + ml)Al{x - u) 

+ -mim2?7i3A3X — —{mlml + m\m\ + m\'m\)K\ . (2.10) 



By considering the decoupling limit and the massless limit, Eq. (|2.3| ) and (|2.4|) are easily derived 
from Eq. (|2.10|) . Since there is no discrete symmetry in the moduli space for massless Nf = 3, 
u is not completely determined by studying only the massless Nf = 3 theory. The freedom of 
adding a constant to u remains. We will find that this constant is determined to be zero by 
the decoupling argument of the massive Nf = 4 theory. The massive Nf = 4 curve is given 

by, 



2 2 



= (x^ — clu^){x — Ciu) — c\{x — CiuY '^rri^ — c\{c\ — c^{x — ciu) \ 

i i>j 

+2c2{ci — (^){ciX — (^u)mim2m^mi — c\{c\ — (^Y X! "^i^i^L (2-11) 

i>j>k 

where Ci = |ei and C2 = |(e3 — 62) and are the roots of the cubic polynomial: 4x^ — (72(^)3; — 
Qzir). Here g2 and (73 are defined by §2 = 607r^'^G'4(r), = 1407r~^Ge(r) and G4, Gq are the 
Eisenstein series: 

G4(r)= E 7 G,{r)= Y: 7 (2-12) 

^ (mT + nr (mT + nr 



The roots Cj obey the following equations. 



61 + 62 + 63 = 0, (2.13) 

ei-e2 = ^3'(0,r), (2.14) 

e3-e2 = ^^(0,r), (2.15) 

ei-e3 = ^2'(0,T), (2.16) 
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where 9^ are the 6 functions, 



0i(O,r) = ^g("+^/2)V2, (2.17) 



^2(0,r)= (2.18) 



neZ 



eMr)=Y.<f"- (2-19) 

neZ 



We define g by g = exp(27rir). In the classical limit: r ioo 

2 
3 



ei = ^ + 16g + 0(g2), (2.20) 



e2 = -^-8g^/2 + 0(g), (2.21) 

e3 = -^ + 8gi/2 + 0(g). (2.22) 

By taking the decoupling limit: r — > ioo, 7714 ^ 00 with mi, m2, ma and A3 = 64g^/^m4 fixed, 
the massive Nf = 3 curve ( p.lO| ) is derived uniquely and therefore the moduli u for Nj = 3 is 



determined without the freedom of adding a constant. 

3 Defining equations of the supersymmetric instanton 

In the following two sections, we will construct the supersymmetric multi-instanton in the 
Coulomb phase of = 2 supersymmetric QCD. In the Coulomb phase, the adjoint scalar and 
the gauge boson become massive, therefore the scale invariance is broken. It is well-known 
that when the scale invariance is broken, instanton ceases to exist as a solution of the equation 
of motion except for the zero-radius one. In the formal manner, we must extend the equation 



of motion in order to incorporate the instanton effects |25, 26]. However, when the coupling 
constant is weak enough, the structure of the dominating configuration of the path integral 
does not depend on the details of the extension of the equation. In the weak coupling theory, 
the small size configuration dominates the path integral, since the size of the dominating 
configuration p is given by p ~ g/M, where g is the coupling constant and M is the Higgs 
mass. Because the scale invariance is effectively restored for the small size configuration, the 
dominating configuration satisfies the classical equation in the leading order of g except for 
the large-range behavior, which is not relevant in the following calculation. In supersymmetric 
theories, the coupling dependence of the instanton contribution is completely fixed, then it is 
sufficient to consider the case in which the coupling constant is almost zero. Therefore, we 
will solve the equation of motion in the leading order. 
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In non-supersymmetric theory, the leading-order equation was aheady given by 't Hooft 
27| . To extend to the supersymmetric theory, we must take into account the source term 
given by the fermionic zero modes. For example, the leading equation of the N = 2 vector 
multiplet becomes 

pX = 0, = 0, (3.1) 

D'^(l)-V2ig[\,ip] = 0. 

Comparing to the non-supersymmetric theory, a difference appears in the equation of the scalar 
field, which is given by = in non-supersymmetric theory. To clarify this, we estimate 
the coupling constant dependence of the source term. The coupling constant dependence of 
instanton solution is given by ~ 0{g^^) and because of = 1 supersymmetry, we set 
the normalization of the fermionic zero mode so that A ~ 0{g^^) Q. Again because of = 1 
supersymmetry, (p and ip have the same coupling constant dependence, therefore, the source 
term of the equation of (p has the same order as D'^(j). This is the reason why the 't Hooft 
equation must be modified in the supersymmetric theory. The coupling constant dependence 
of the and ip is determined by the boundary condition of the (p. In the Coulomb branch, (p 
must satisfy the boundary condition — > (0) at x oo. The vacuum expectation value (0) 
does not depend on the coupling constant, then 0, ~ 0{1) 0. 

In the similar way, we can derive all the leading-order equation. In A^ = 2 supersymmetric 
QCD, there appear Nf hypermultiplets. The A^ = 1 fundamental chiral multiplet in the N = 2 
hypermultiplet is characterized by the following equations: 



= 0, pq = 0, (3.2) 

D^Q - V2igXq = 0, D^Q + V2igq\ = 0. (3.3) 

As well as the vector multiplet, because of the A^ = 1 supersymmetry, a source term appears 



in (|3.3|) . As will be shown below, if we demand that the kinetic term of q and q is the same 
order as that of A, the normalization of q and q is determined uniquely: q, q ^ 0{g^^^'^) and 
Q, g ~ 0{g-^l^). By the SU{2)r symmetry 



A^^, Q^Q\ Q^-Q\ (3.4) 



"'^A is not generated by the super transformation of A^; 5\ cx o^^F^i, — 

^We have respected only N — 1 supersymmetry for simphcity. Even if we take into account N — 2 
supersymmetry, the conclusion is not changed. 
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the following equation of the fundamental anti-chiral multiplet is derived, 

D^Q^ - V2igqip = 0, D^Q^ - V2igi)q = 0. (3.5) 

From this equation, we find that Q\ Q\ q, q ^ 0{g^^'^). 

In N = 2 supersymmetric QCD, the leading-order equation of the adjoint anti-scalar field 
is also modified, 

D^cj)^" - ^^igqT^q = 0. (3.6) 

The source term comes from the superpotential —i\/2gQ^Q. As well as 0, the boundary 
condition determines the order of 0^: 0^ ~ 0(1). Thus the order of super partner ijj becomes 
ip ~ 0(1). Note that the source term in ( |3.6| ) is the same order as D'^cj)^"'. 

Since the equations of the remaining fields are not needed in the following calculation, we 
do not write them down explicitly. By examining the classical equation of motion carefully, 
we obtain the order of the remaining fields; 



A~0((?), Dr^Oig), 
FQ,F^^O{g'/'), F^,Fl^O{gy'), (3.7) 
F^^O{g'), Fl^O{l). 

From the order of the fields obtained above, we find the leading-order parts of the La- 
grangian Cq, 

+tr {-2i\p\ - 2iijp^ + 2{D^<pyD^<p + 2\f2ig\[^, 0^]} 

+ {D^Q)^D^Q + D^Q{D^Q)^ - iqpq - iq^q (3.8) 

+^/2ig {qcpq + \q - q\Q^ + qipQ + Qipq^ . 

We have neglected 0{g'^) terms in the original Lagrangian. The first term of the leading-order 
Lagrangian is 0{g^^) and the remaining terms are 0(1). It can be easily seen that the kinetic 
terms of q and q is the same order as that of A. 

As a consistency test, we examine the Euler-Lagrangian equations of the leading-order 
Lagrangian Cq. Except for the gauge field, all the leading-order equations are derived from 
Cq. For the gauge field, the leading-order equation D^F^^ = is not derived from Cq, but 
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there appear source terms. However, since it can be shown easily that these source terms 
give only 0{g^) corrections in the instanton action, we can neglect these terms in the defining 
equation of Ffj_^. We dub the dominating configuration defined by Eq. (|3.1| ), ( |3.2|) , (|3.3|) , (|3.5| ) 
and ( p.6|) as supersymmetric instanton in = 2 supersymmetric QCD. 



4 Solutions of the defining equations 

In this section, we solve the defining equations and give the supersymmetric instanton ex- 
plicitly. We extend the result in = 2 supersymmetric Yang-Mills theory [p!^ to = 2 
supersymmetric QCD. As we will show below, all the defining equations reduce to the alge- 
braic equations. In the following, we omit the coupling constant g for simplicity. 

4.1 vector mult ip let 
4.1.1 spin 1 

In this paper, we consider the gauge field satisfying the anti-self-dual condition: 

Ff^u = -F^u. (4.1) 

Anti-self-dual solutions of arbitrary number of instanton are constructed by the ADHM con- 
struction |28|, ^ . We will treat the fc-instanton in this section. To construct the solution, we 
introduce a (/c + 1) x A; matrix M{x) made up of quaternions^. The matrix M[x) is chosen to 
be linear in x, 

M{x) = B-Cx, (4.2) 

where B is constant (A; + 1) x A; quaternionic matrices of rank k and x is the quaternion. We 
denote the elements of i? by a A;-dimensional row vector u and a k x k matrix a, 

^=("' "a (4.3) 
The {k + 1) X k matrix C is chosen to the following canonical form, 

C=(^ M, ^,, = 5,,, z,j = l,---,fc. (4.4) 



^See appendix A. The matrix representation is given there. 
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Furthermore, 



R{x) = M\x)M{x) (4.5) 

is assumed to be a real, invertible k^k matrix: Rij = Rij. From this we obtain C"^ = M'^C 
which is useful in the calculation. As we will see soon, the reality condition of R is equivalent 
to the anti-self-duality of F^^. 

The gauge field is given by a quaternionic {k + l)-dimensional column vector N{x): 

A/.{x)=tN^''-{x)d,Nix)rs. (4.6) 

N{x) is given by the solution of the following algebraic equation: 

N\x)M{x) = 0, N\x)N{x) = 1. (4.7) 

The first equation gives k quaternionic conditions on the k + 1 elements in N{x). The second 
equation determines the normalization of N{x). Thus there remains an ambiguity of N{x)] 
N{x) — > N{x)u{x), where u{x) is a quaternion of unit length, u'^{x)u{x) = 1. In the matrix 
representation of quaternion, u{x) is a unitary matrix. This is a gauge symmetry. Applying 
an appropriate gauge transformation, we set the boundary condition of the 0-th component 
of N{x) as No{x) ^ 1 at x — oo. This is the multi-instanton version of the singular gauge 
condition. In the singular gauge, is given by. 



where i = In the singular gauge, the 0-th component plays a special role. To 

distinguish the 0-th component from others clearly, we use the index + i to denote the other 
components. It is easily seen that 0{l/x^) at x ^ oo. 

The following formula is useful in the multi-instanton calculus: 

/ - N{x)N\x) = M{x)R-\x)M\x), (4.9) 

where R~^ is the k x k inverse matrix to R and / is the k x k unit matrix. This formula 
is derived from an identity (/ — A^A^''" — MR~^M^)M = 0. From this identity, we find that 
I — NN'^ — MR'^M"^ oc A^"'". Since it can be shown that the proportional constant becomes 
zero if we multiply A^ to the right, we get the formula ( ^4.9| ). 
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Now we show the anti-self-duahty of Ff^^^. The field strength of the gauge field ([4 .61) is 

^flU = d^Ay — dyA^ — i [A^, Ay\ 

= id^{N^dyN) + t{N^df,N){N^dyN) - (/x ^ z/) (4.10) 
= id^N^{I - NN^jdyN - (/i ^ z/). 

Using the formula ([4.9| ), we find 

= i{d^N^)MR-^M\dyN) - ^ v) 

= iN\d^M)R-^{dyM^)N - {fi ^ u) (4.11) 
= tN^Ca^R-^ayC^N - (^ ^ z/). 

Since R~^ is real, it commute with cr^, then we obtain finally, 

F^y = iN^CR-\a^ay - ayCX^)C^N 

= -AN^CR-^a^yC^N. (4.12) 

Because of the anti-self-duality of a^^, it is proved F^^ satisfies the anti-self-dual equation. 
4.1.2 spin 1/2 

The adjoint fermions are given by the zero modes: 

= 0, ]l)i) = 0. (4.13) 



The solutions of these equations have following forms |30| 



a;, = Art- i^MrR-^C^dl^ + ero.CR-\M'^y] N,,, 

. ^ j^frr j^^^-l^T^s ^ ,^,^C R-\Af^y} N^,. (4.14) 

Here Air and AC- are constant {k + 1) x k grassmannian matrices. These forms of the zero 
modes are anticipated by the supersymmetry since there exist zero modes corresponding to 
the supersymmetry in the super partner of the gauge field. If we apply the supersymmetric 
transformation ^ to A, we obtain 

SX = -(T^u^F^u = N^'' {A^rCR-'C^S:, + eraCR-'4CC^} N,,. (4.15) 



The last equation is the same as the equation ( [4.14|) if we replace Air with A^rC. To hold 
( |4.13| ), TVI and J\f must satisfy the algebraic equations. Using the formula ([4.9|), it can be 
found 

<°(^M^«)i = -2iArtra^^-i ^M^as^^ ^ {M^yUsge^^} R-^C^N^^. (4.16) 
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Therefore we obtain 

M^'^'Ms + {M^YMsqe^^ = 0. 
In the similar way, we find a constraint equation of Af. 



0. 



(4.17) 



(4.18) 



4.1.3 spin 

The adjoint scalar field satisfies the following equation, 

D^(f)- V2i[X,tlj] = 0. 
Following IH], we first consider the equation without the source term. 



0, 



(4.19) 



(4.20) 



which obeys the boundary condition as 
the following form: 



where is the following [k + 1) x k matrix: 



{(f)) at x ^ oo. The solution of this equation has 

(4.21) 



f \o: •■■ 0\ 



A„ 







V 



A6t 



A 



0,0 



A^ 



-A. 



(4.22) 



Since we take the singular gauge: Nq 1, No+i — > at x 
Substituting this to the left-hand side of (|4.2CI|) , we obtain 

{D^(l)oY = 4iN^^'CR-^C^A^Nss + 4iN^^'A^CR-^C^N,s 
-4iN^"'CR-^M^'^'^A}M^aR~^C^Nrs 
= Az{Nl,rR^}A,4No+H)rs + Az{Nl,rA,R-l{No+,) 
-42(iVoVj'"i?-/tr (Mj■,o+„^A^,nM„,o+^) Rri{No+h)r, 
-M{Nl^r^Rr}tr {mI,Ao,oMo,i) i?^h(A^o^ 



oo, (f)Q goes to {(f)) at a; — >• oo. 



3+h)rs 



t \rr 



Ri,j^j,h + AijRj^l - Rijtl (Mj o+m^m,nM„,o+i) Rl,h 



0+h)rs, 



(4.23) 
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where A is k x k anti-symmetric matrix defined by 



Aj,i = tT (m^o^o.oMo,,) 



-ti{Aofi{uJiUJj + ujjUi}) + -ti{Ao^o{uJiUJj - ujjUJi}) 



(4.24) 



Here we have used uiUj + ujjuji oc 1 and try4o,o = 0.Q The first term of the right-hand side of 
( |4.23| ) is simplified by the following equation, 

Ri,j^j,h + AjRjl - -Rj~/tr (Mj o+m^m,nM„,o+z) Rl^h 



"111 



a„, A 



+ \[a,w}) ryI 



(4.25) 



2 ' ' ^ j,i 

where is a k x k real matrix defined by d = —ia^cy^j, and W is &kxk real symmetric matrix 
defined by 



(4.26) 



Finally we obtain 



d^, A 



+ i {i, H^} - a) ^ i?-^(iVo+,),,. (4.27) 



Therefore, A must satisfy an algebraic equation. 



a„A]]+-{A,w}=A. 



Now let us solve Eg. ( 4. 19 ). The solution of ( 4.19| ) with the boundary condition 
X —>■ oo has the following form: 

V2i 



(4.28) 

at 

(4.29) 



where F is a (/c -|- 1) x (A; + 1) anti-symmetric matrix: 

/ ■■■ \ 



(4.30) 



For the definition of lu and a, see (4.3). 
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The first term is anticipated by the supersymmetry, 

50 = -722^^ = ^N^'- {KR-'i'^eC^) - {i^rC)R-\Af''y} N,,. (4.31) 

Due to the existence of the zero modes which are not related with supersymmetry, the second 
term of Eq. ( [4.29|) is necessary. By a tedious but straightforward calculation, it is found 

- iV2[\,ij]i = AiN^'^CR-'C^FNrs + AiN^'' FCR'^C^ N^-s 
-AiN^"'CR-^M^^'^FMp^R~^C'^Nrs 



t \rr 
0+i) 



Ri^Fj,h + FijRjl - RijtT (M]o+m,-^m,nA4,0+/) Rl^h 



+V2z{Nl,rR-} {{M^YK - {^YMs}^ Rr,l{No+kY^. 



(^0+/i)rs 

(4.32) 



The right-hand side of the above equation is the same as the right-hand side of ( ^.23| ) if the 
following replacement is performed: 



(4.33) 



Thus as well as A, the following algebraic equation is derived, 



"At; 



ai^,F 



+ 1 {P, w} = [{M^YJ^s - {M^YMs} . 



2 L ' J 4 

To satisfy the boundary condition ^ (0) at a; ^ oo, we add 0o to 

= 00 + 0f. 



(4.34) 



(4.35) 



This is the solution of (|]T|) H. 

In = 2 supersymmetric QCD, there appears a source term in the equation of the adjoint 
anti-scalar field. 



DV^" - V2iqT''q = 0. 



(4.36) 



The source term comes from the Yukawa term \/2iq(j)q. The fundamental zero modes q, q will 
be explained in detail in the next subsection. From the completeness condition of T"-, 



{T'')f{T'') 



2^ t 4 



(4.37) 
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the above equation becomes 



V2i 



{2gX-5i«} = o. 



(4.38) 



Substituting the fundamental zero modes given in the next subsection, the source term be- 
comes 

V2i 



where Z is a k x k grassmannian matrix given by 

V2 



Zh,i 



{(hCl — Cl(h)- 



Eq.( [4.38| ) can be solved by the following ansatz: 

where Pisa (A; + l) x (A; + l) even grassmannian matrix having the following form: 

/ ■■■ \ 

P= : p 



(4.39) 



(4.40) 



(4.41) 



P 



-P. 



(4.42) 



Under this ansatz, we obtain 



V2i 



{'^m - mi] 



-- AiN^'-'CR-^C^PNrs + AiN^"'PCR-^C^Nrs 
-AiN^"'CR-^M^^'^PMp^R-^C'^Nrs - AiN^"' C R-^ ZR-^C"^ Nr. 



Ai{Nl,r\R-}P,,n + h.Rjl - Rrjtr {mI,_,,,P^,^M^,o+i) RT,1 
-Ai{Nl,rR-]Z,,iRll{N,^n)rs. 



{No+h)r. 



(4.43) 



As well as Eq.( ^.32D , the right-hand side of the above equation is the same as the right-hand 
side of Eq.( [4.23D if we replace P and Z with A and A. Therefore, from Eq.( [4.38D the matrix 
P must satisfy the following algebraic equation: 



+ [p^w} = z. 



(4.44) 



The above solution 0j does not satisfy the boundary condition (j)^ {(j))^ at x ^ oo. To 
satisfy this boundary condition, we add 0q to the above solution. Thus we obtain 



(4.45) 
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4.2 hypermultiplet 
4.2.1 spin 1/2 



As is known by the index theorem, for fc-instanton there exist k zero modes in the fundamental 
fermion q and q respectively. The exphcit forms of the zero modes 

pq = 0, ]pq = (4.46) 

are given by |^| 

q% = -vl/t-e,„C/, q% = 'Cje'^'^ss, (4.47) 

where \1/ is a /c-dimensional quaternion column vector given by 

= -R-^C^N,^, ^^'^'^ = -N^^''CR-\ (4.48) 

and (f and (f are fc-dimensional grassmannian column vectors which exactly correspond to k 
zero modes in q and q. The index / = 1, ■ ■ ■ Nj is the flavor one. \l/ is normalized as 



rf^xtr(^i^j) = 6ij, (4.49) 
which is proved by an identity 

dlR-' = -4:R~'C^ti{NN^)CR-\ (4.50) 
and -Rj^j^ at x — >• oo. 



4.2.2 spin 

The defining equations of the fundamental scalar fields are 

D'^Q - V2i\q = 0, D^Q + V2iq\ = 0, (4.51) 
D^Q^ - V2iq'ip = 0, D^Q^ - V2iipq = 0. (4.52) 

The supersymmetry gives a clue to solve these equations. Under the supersymmetry ^, Q 
transforms as 

5Q = -V2iiq = ^N'^{AirC)R-\f. (4.53) 
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Thus as well as A, we anticipate that the solution of the above equation is obtained by 4:^rC — »• 
JUr- This is indeed the case and using the SU{2)r symmetry, we find all the solutions of the 
defining equations: 

Q} = ^N^'^MrR-\f, Qfr = -^ersN^''MrR-%, (4.54) 
Qt . = ^e,,iVt-A/;i?-iC/, Qf = ^N^'^XrR~'Cf. (4.55) 
The SU{2)^ symmetry is manifest in the above solutions. 

4.3 supersymmetric instanton action 

Let us compute the action of the supersymmetric instanton in = 2 supersymmetric QCD. 
As was shown in section ^ the leading part of the Lagrangian is 

-^0 = -tr(F^,,F^i/) 

+tr [-2iX]p\ - 2ii)]^ip + 2{D ^(p)^ D + 2V2i\[i), 0^]} 

+V2i (q(t)q + QUg - qXQ^ + #g + QV^g) . (4.56) 

Substituting the solution of the defining equations for Cq and integrating it, the supersym- 
metric instanton action 5*0 is obtained. To carry out the integration, we convert the volume 
integration to the surface integration by the equation of supersymmetric instanton. From the 
defining equations, we find 

So = ^ + I d'^xd^ {tr(20tD^0) + {D^Q)^Q + {D^Q)^Q] + j d^xV2i (q<Pq + Q^Xq + Q^g) . 

(4.57) 

To integrate the last term, we introduce the auxiliary solution g, 

<f = ^C,T^-l^]as \MsR'\M^Y -UsR'\M^Y] Nrr + -^C,^ R~^ M^""' F N^r , (4.58) 
■' 47r J y/2 

which satisfies the equation: 

pq + V2Q^\ + V2q<pf + V2Q^l) = zv^C^F*. (4.59) 
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Using the auxiliary solution q and the last term of Eg. (^4 .571) becomes 
V2i{q<pq + Q^Xq + Qipq) 

Nf 

= tr {2(DV^)0o} - ^m?q^ + E CT^^-'^^f 

/=! 

Therefore, the leading action is 

Nf 

+ [ d'xd, {{D^Q)^Q + {D^Q)^Q - tqa.q] + v^E C/^C/, (4-61) 

/=i 

where we have used the normalization condition of \E'. Now all the volume integrations reduce 
to the surface integrations. The surface integrations are evaluated by the asymptotic behavior 
of the supersymmetric instanton. Since at infinity M, and behaves as 



M -Cx, R-^ ■ ^ 



\x 



2 ■ 



IujU ,^ xuj 



^0-1-^, ATo,.^!^, (4.62) 



we 



have the following asymptotic behaviors of the supersymmetric instanton: 



2 ■ 



' ta^o'[^{uJiUPiAo^jf]aoss. (4.63) 



We have omitted the asymptotic behaviors of the hypermultiplets, since they vanish faster than 
0{x~^) and do not contribute the integration. Finally we obtain the following supersymmetric 



instanton action: 



9-^+9 +9 

^0 ^2 ' higgs ' '^yukawai 

Shiggs = 16lT'^\Aofl\'^\uJi\'^ - SvT V((I'i AJ^q^j )ij- j 
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+8n^P,,,tTi^jAo,oUJ^) + V2J2 Cj^C/, (4-64) 

/=i 

where |Ao,oP = tr{4^o^o,o}/2. 

5 Instanton calculus 

In this section, we will perform the instanton calculus by using the supersymmetric instanton 
constructed in the previous sections. We calculate the moduli u = (tr0^) as the function of 
(0). We choose (0) = where a is real. In the classical limit, u ~ in this convention, 

which differs from a in section 2 by factor 2. Taking into account the super transformations, 
it is easy to find that the adjoint scalar contains the following part; 

= -V2ii^lj + ■■■ = V2ii<y^,i'F^, + ■ ■ ■ , (5.1) 

where ^, ^' are the grassmannian collective coordinates accompanying N = 2 supersymmetry 
and ■ • • includes the other fermionic zero modes and 0o- Then, tr0^ is given by, 

tr02 = -2tr [i^a^u^'F^^f] +■■■ (5.2) 
= -eY'tr(F^,F^,) + --- . (5.3) 

Therefore supersymmetric zero modes are saturated by inserting tr0^, and we obtain the 
following result by performing the integration over the center of the instanton; 

J d^xo J d^id^i'iict)'^ = - J d^xotT [F^^{x - xo)F^^{x - xq)] = -levr^A; , (5.4) 

for fc-instanton. The other fermionic modes are lifted by the Yukawa terms in the action and 
saturated by pulling down those terms from the action. 

For one-instanton sector, the result is given by 



u, = \a^.2(^)\ (5.5) 



2 V a 

for Nf = 0. We denote fc-instanton correction to u hj Uk- For massless Nf > 0, Ui vanishes 
due to the parity symmetry. 
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For Nf > 0, the leading-order correction comes from the two-instanton sector. First we 
construct the supersymmetric two-instanton, according to the previous section. In the two- 
instanton sector, a is a 2x2 matrix made up of quaternions; 

a=\ , ai = —— {uj2(^i - UJ1UJ2) , (5.6) 

\ c^i — J 4|a3|^ 

which satisfies the reahty condition of i? = M^"M. We define the grassmannian collective 
coordinates by the following; 



46 + "^3, nils I , A/L 
\ mis 4^ - niss 



K + nis I , (5.7) 

V nis 4^; - 723, 

"^1 = TTT-^? (201^3 + Ld2Hi - L0ifi2) , ni = TTT-^ (2ain3 + 1021^1 - UJ1U2) , (5.8) 
2 1 03 1 2 1 03 1 ^ 



which satisfy the constraint relations for Ais and Afs, respectively. By solving Eq. ([4.28|) , 
Eq.( [4.34| ) and Eq. ( |4.44] ), the matrix A, F and P are given by 

-^^(_lo). 

« = -|:, (5.10) 

a/2 

P = -TTT (/iii^2 - /i2i^i + 2m3ni - 2min3) , (5.11) 

4:11 

7 = ^^2^, (5.12) 

where 

L = |cu2|^ = L + 4|aip + 4|a3|^ (5.13) 

Q = UiiD2 - UJ2OJ1, u = ^ti (QAofi) , 

and C/C/ = CfCfi = CfjCfi = C/2C/1 ~ C/iC/2- By using the above collective coordinates, the 
action of supersymmetric instanton becomes 
167r2 

5ft^39s = 16v^'(^L|Ao,o^-^^ , (5.14) 

Syukawa = -4^27?^ |z^fc^O,OAifc + ^ (Ail'^2 " + 21713121 - 27721^3) | 

1 ^ uj ~ 

— (/iiZ/2 - /isZ^l + 27723^1 - 27771^3) ^ (/C/ + V^T? H C/C/, 



2i7 
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where Aq^q = i (0) = iaa^/2 and then l^o.oP = Compared with the pure Yang-Mills 

0], the last two terms in Syukawa are added. Note that a biquadratic term in grassmannian 



case 



variables appears in the action. This is a new feature in = 2 supersymmetric QCD. The 
measure of the collective coordinate is given by |3^, |T^ , 



(5.15) 



X n d\fd% 



H 



exp ( Shiggs S,, 



yukawa j i 



(5.16) 



where ^j^'^^^ is replaced by g = e^'^*'^ for Nf = 4. 

The supersymmetric zero modes ^ and ^' are saturated by inserting tr0^, as we have already 
seen. The other fermionic modes are lifted by the Yukawa terms in the action, and integrating 
out those modes except (j, (f, we obtain 



^yukawa ) 



f{y) exp 



ti f=i 



Nf 



where 



H 



L^~\n\ 
1p~ 



2 2 

-u y 



y = l- 



V2 



Nf 



E C/C/. 



(5.17) 

(5.18) 
(5.19) 



The remaining grassmannian integrations are performed as follows; 



Nf ( \ f 

IUd%d%f{y)exp (-v^|EC.CJ = 



1 to 
2lP 



2 \ ^/ 2^/ 



E 2NfCk 
k=0 



H 



IGvr^Ci;^ 



k f)k 



gkf 



dy^ 



y=l 

(5.20) 



We change the integration variables from a^,uji,uj2 to H,L,Q, and then the measure of the 
integration becomes, 

. o . o 

r2 <.00 



d 03 



as 


2 


\ai 


2 






4 



vr 



o , dH, 

/ JL+2\n\ 



f d^ujid^uj2 = — r dL f d^n. 

J 8 Jo J\Q\<L 



(5.21) 
(5.22) 



^The definition of tlie numerical factor of the measure depends on tlie regularization scheme. See appendix 
D for further details. 
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With the change to a polar coordinate: uj = \Q\\Aq^q\ cos 6* and the rescahng: Q' = Q/L and 
H' = H/L, the measure is given by, 



16 io 



d^n / dH 

\n\<L JL+2\n\ 



■77-6 /.oo /•! /•! POO 

— / dLL^ / dicos9) / ci|fi'| / dH', (5.23) 
8 JO J-i Jo Ji+2\n'\ 



and /(y) becomes 



fiy) = \Aofi\l^'rL''cos'eG{y;\n'lH\e), 



where 



G{y; \n'\,H\ 9) = y^l + cos' e)' + ^-jE^y' sin' 26 



(5.24) 



(5.25) 



Using Eq.(|]4D, ( pTTSj) , ([STT^ ), (|O0|) , ( pl23D and (|]2|) and performing the integration of L, 
we obtain the two-instanton correction to m, 



M2 = 2^ 



(5.26) 



where I{Nf) is defined by 

j(Ar^) = J^^d{cose) cos' e 1^ d\Q'\\Q'f 1^ 

x(5- A;)! (1 



nTcos'9\'~^ 



H' 



Qk 



H' 



|^]'|2cos2e/ dy^ 



■G{y-\n'lH' 



y=l 



and K = min[4,2A^j]. The evaluation of I{Nf) is complicated but straightforward. Finally 
we obtain 

r 5 /Ao^ ^ 
2 V a 

(5.28) 

-1)^ '~ 



1 2 

2 ^ 



2iV,-l ^A^.V"'"'' 



a 



for A^/ = , 
for Nf > 1, 



where A^^ ^ is replaced with q for A^j = 4. In the case when the hypermultiplets have non- 
vanishing bare masses, the mass term is added to the action: Smass = —iY^fLi YL'i=if^fCfiCfi- 
The instanton calculus is performed straightforwardly. Using the equation, 

2 / 2 \^/2 \^ 

E ccoo = 0, E CO = E CO , (5-29) 



v,i=l 
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we obtain the result; 



u, = -a 



where M = tf, and A^^^"-'^ is replaced by q for Nf = 4. When m^v^ oo and A^v^ — 0, 
we obtain 



1 /A,, 1 



TV, 



1 . 1 . Nf-M 

E--- E (-1) /(iV/ - Af)a-^^ n 



(5.30) 



U2 = -a 



2 A 8-2Nf 
1 2"^^/^^/ 



7V,-1 



liNj - 1), 



(5.31) 



2 a8-2W-i) V 2. 

where we set the other masses to be zero. From Eq.( |5.26| ) and ( |5.31| ), we find that the result 
for the massive theories agrees with the decoupling relation: A^-.^^^ = A^-^Jf-^). For 
Nf = 4, the decoupling relation is given by m^g = A3. 

6 Exact results versus instanton calculus 



In the previous section, we obtain the following results by the instanton calculus for the 
massless theories, 

4 



Ml = 2a^ X 



U2 = 2a X < 




^ for AT^ = , 



(6.1) 



2Ar^- 1 (AnX'^^' 



for Nf = 



for Nf > 1, 



(6.2) 



and the decoupling relation is given by 



2 .S-2Nf _ .8-2{Nf-l) 



(6.3) 



'2Nf 



For Nf = 4, A^^. is replaced by q. Note on the convention for a. The definition of a differs 
between Eq.(^, Eq.(|^) and Eq.(|0|), Eq.(§3) by factor 2. 



On the other hand, from Eq.( |2.7| ) and Eq. (|2.8| ) the exact result predicts the moduli u{a) 
for the massless theories, 

4 



1 /Ao 




— I — I ioT Nf = 0, 



for Nf > 1, 



(6.4) 
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)12 



U2 = 2a^ X < 



< 




J- 








± 




210 





for Nf = 2 



(6.5) 



^1 — 1 for Ar^ = 3, 



and the decoupling relation is given by 



m 



7 8-2Nf 



A 



8~2(Nf-l) 



Nf~l 



for 1< A^f <3, 



^^3 



(6.6) 
(6.7) 



To compare the exact result and the instanton calculus, we must relate dynamical scales A^v^- 
and Aat^.. Only when Nf=0, the one-instanton contribution ui does not vanish, and it is 



easily found from Eq.( |6.1|) and Eq.( |6.4|) that the instanton calculus is consistent with the 
exact result in the one-instanton sector, if we identify the dynamical scales as Aq = Aq [|T^] . 
In supersymmetric SU{3) Yang-Mills theory, the instanton calculus is consistent with the 
instanton calculus in the one-instanton sector, when the above relation of the dynamical 



scales of the SU{2) theory holds ||T7[]. 

The two-instanton correction to (u) is given by U2- According to the exact result, no 
quantum correction to (u) exists for Nf =4. Using the relation Aq = v^Aq and the decoupling 
relations Eq. (|0|) , (|6.6|) we obtain the relation between the dynamical scales: 



p-2Nf 



16A 



8-2Nf 
Nf 
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From Eq.(|6.2|), ( p.5[ ) and ( |6.8| ), we find that the microscopic instanton calculus agrees with 
the exact results for Nf = 1, 2 as well as Nf = 0.| However we also find discrepancies between 
them for Nf = 3, 4. For Nf = 3, the difference of the moduli u between the instanton calculus 
and the exact result is a constant. For Nf = 4, we find the quantum correction to the moduli 
u, which disagrees with the assumption used by 0]. 

At first sight, the decoupling relations connecting the Nf = 3 and Nf = 4 theories give 
an inconsistency between the exact result and the instanton calculus. The relation of the 



^Furthermore, for the massive Nf = 1,2 theories, it can be shown that the instanton calculus Eq.( 5.3Cl| ) 
agrees with the exact results pS. 
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instanton calculus mlq 



A3 and that of the exact result QA'^mlq 



A| disagree with Eq.( 



However, this inconsistency can be resolved by changing the regularization scheme of the 
instanton calculus. We will discuss this point in more detail in appendix D. 



In the similar way, it can be evaluated the four-point function i^Wipipj by the instanton 
calculus |jT3|, 0, |18|, and we find that the non-trivial relation Eg. ( p.8| ) holds for Nf = 1,2 as 
well as Nf = 0|16|, |14|. For Nj = 3,4, this four-point function does not depend on J^2 and 
therefore it is not useful to check the exact result. For Nf = 4, the finite correction to the 
coupling constant is calculated in [^: Tg// = r + {i/l-n) Y.k^kQ^^'^ and we find that Eq. (|2.8| ) 



with A^^^^-^ replaced by q holds in this case: 

n(a) = 2a2|l-if;A;J-fcg'=/2|=8 
where the prepotential is given by JF = Teffa'^/2 . 



Txiq 



dq 



(6.9) 



7 Conclusion 

We have constructed the supersymmetric multi-instanton in = 2 supersymmetric QCD and 
derived the supersymmetric instanton action. The instanton calculus has been performed in 
N = 2 supersymmetric QCD and we have found that the instanton calculus agrees with the 
Seiberg-Witten's result for the Nf < 2 theories. We have also found the discrepancies between 
them for Nf = 3, 4. These results mean that the Seiberg-Witten solution should be modified 
for the Nf = 3,4 theories. For Nf = 3 the curve is determined except for a constant added to 
u, since there is no discrete symmetry in the u plane. We can shift u in the elliptic curve for 
Nf = 3 by the constant, so that the discrepancy for Nf = 3 is resolved. We obtain the correct 
curve for the massive Nf = 3 theory: 

= x\x -u- ^As) - ^A2(x -u- i^~^lf - ^(m? + + ml)Kl{x -u- ^A') 

+ -mim2m'iK-iX {m\m\ + m^m\ + m^m3)A3 . (7-10) 

4 64 

This modification of the curve does not affect the Nf < 3 theories. In the decoupling limit: 
A3 — > 0, m3 — i> 00 with A2 = ^3-^3 fixed, we obtain the massive Nf = 2 curve, which agrees 
with the massive Nf = 2 curve derived from the original Nf = 3 curve. 

We also need to solve the discrepancy for the massless Nf = 4 theory. The quantum 
correction does exist in this case, contrary to The prepotential is given by jF(a) = Teffa'^/2 
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and the moduli u is given by 



u = 8vr.g^ = 2a^^, (7.11) 
oq dr 



'1/2 

dr 



= —7^ , aD{u) = T^ffaiu). (7.12) 



The period of the meromorphic one-form on the Seiberg-Witten curve for the massless Nf = 
4 theory gives the above result by replacing r and u in the elliptic curve with Te// and 
{dTeff/dT)~^u, respectively: 



There remains an unsolved inconsistency between the instanton calculus and the exact 
result for the massive Nf = 4 theory. The curve for the massive A'^^ = 4 theory should be 
modified, such that it satisfies the desirable conditions in both —>■ and oo limits. The 
curve must go to the modified Nf = 3 curve in the decoupling limit: —>■ oo and g ^ with 
mlq fixed and go to the modified massless Nf = 4 curve in the massless limit: m4 0. 

We also have calculated the instanton corrections for Nf > 4. Although the theory is not 



asymptotically free, there exist the exact results||3^ and the comparison between them may 
give some new insights of the theory. 
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Appendices 

A Conventions 

In this section, we summarize our conventions used in this paper. The sigma matrix is defined 

by 

{a,)^^ = (a, 0, {a,fP = -i), (A.14) 

1 1 

(o-M^)"^ = ^(o-^o^i. - ^z^cT/.), {^i,u)i = —{(yf^^v - <yu^v), (A.15) 

where cr is the Pauh matrices. The invariant tensor is defined by 

e^^ = = 1, ei2 = = -1, (A.16) 
and we use the same contraction rule of the spinor index as [Q. The quaternion M given by 



M = Mil + Msi + M3A; + M4, 

^2 = f = P = -1, IX J = k, (A.17) 
has the following matrix representation: 

Ms, = -t{a^)s,M^. (A. 18) 
We denote the quaternion conjugate of M as M. Namely 

M = -Mil - M2] - Mik + M4, (A. 19) 
and it has the following matrix representation: 

M'^ = tiaJ'-M^. (A.20) 
For a quaternion matrix Mjj, we use the symbol f as the transpose of the quaternion conjugate 

of Mjj: 

{M^)ij = Mji. (A.21) 

Since the instanton mixes the color and spinor indices, it is convenient to use the dotted index 
for the color index. We denote the color index as 

g^ qs. (A.22) 
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B Lagrangian of = 2 supersymmetric SU{2) QCD 



In Euclidean space we have the Lagrangian, 

£ = tr - 22A^A - + 2{D ^(j))^ D - 2%^^^ - 2FtF 

+2x/2z^ (A[^, 0t] + A[V;, 0]) - 2gD\4>\ 0]| 

+ (Z}^Q)tD^g + Z}^Q(D,.g)t - ^q$q - ^pg - F^Fq + F^Ft (B.23) 
+72^(7 (gUg - gAg - gAg^ + gA^) + g {QWQ - QDQ^) 
+V2ig (q(j)q + qipQ + Qipq - q(j)^q - Q^ipq - qi^Q^^ 
-iV2g {FQ<j>Q + QFQ + Q<PFq - Q^<j>^Ft - Q^F^Q^ - F^^tgt^ 



where color, flavor and spin indices are suppressed. The covariant derivatives and the field 
strength are defined by, 

D^(f) = d^<l)~tg[A^,<j)], (B.24) 
D^Q = (d^ - igA^) g, D^Q = (d^Q + igQA^) , (B.25) 
F^, = d^A, - d,A^ - ig[A^, A,]. (B.26) 

We define the N = 2 supersymmetric mass term by, 

Nf 

^m = -iJ2^f{-Wf + FQfQf + QfFQf)+h.c. . (B.27) 

In this convention, (A,'?/') and (g,g^) are SU{2)fi doublets. We adopt the superpotential: 
—V2iQ^Q — iY^^Li ^fQfQfi which coincides with one used in by replacing —iQj —>■ Qj. 



C Supersymmetry 

The action has N = 2 supersymmetry. One of the super transformations is given by, 

50 = -y/2i^'ip 
6(j)^ = \f2ili) 

6^ = -V2iiF - V2a^iD^(t) 
5^ = -V2^a^D^(P^ + V2t^F^ 
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5F = 


V2^^{{P^f + V2g[X^<j)]} 


(C.28) 


6F^ = 


--V2C{{P^)a + V2g[<j)\Xa]} 






= Aa-^^ + ^^f,X 




6X = 






6X = 


-^^/..i^M- + Id 




6D = 


i^pX - iipX 





for the vector multiplets and 

5Q = -V2i^q 
6Q^ = V2i^q 

6q = -V2t^FQ - ^a^lD^Q 
6q=-V2^a^D^Q^ + V2i^Fl 
6Fq = V2^a,,D,,q + 2g^XQ 

6F^Q = V2D^qa^i + 2gQ^iX (C.29) 
5Q = -V2i^q 
6Q^ = V2iiq 

6q = -V2t^FQ - V2a^^D^Q 
6'q = ~V2^a^D^Q^ + V2t^F^^ 
6FQ = V2^a,D,q-2gQ^X 
6FI = V2D,qa,i - 2giXQ^ 

for the hypermultiplets. The other super transformation is given by SU {2)r rotation of this 
transformation. 



D Regularization scheme 

In this section, we discuss the regularization scheme. In section 5, we define the instanton 
measure so that the decoupling relation agrees with the DR scheme |ll3[| . In the DR scheme, 



the dynamical scales of the low and high energy theories relate by the following decoupling 
relation: 

f — = ( for any representation, (D.30) 

\ m J \ m J 

28 



where bo is the coefficient of the (3 function and m is the mass of the matter decoupled in 
the low energy theory. For N = 2 supersymmetric SU{2) QCD, Bq = 4 — Nf. We define the 
dynamical scale by A''" = /i^og-STr^/s^C/.)^ 

We can use the another scheme in the instanton calculus. For example, we will adopt a 
scheme, in which the decoupling relation is given by 

(^)"" = (^)'°" for adjoint rapra.antation, (D.31) 

\ m J \ m J 

for fundamental representation, (D.32) 



m / \ m 

where a is a numerical constant. In this scheme, the fc-instanton measure of the SU{Nc) 
vector multiplet is given by multiplying a"^^"'' to that of the DR scheme. In this scheme, the 
result of the instanton calculus is the following: 

u,=2a'x{ 2^\aJ ^ (D.33) 

for Nf > 1, 



U2 = 2a^ X < 



5a^ /Aq 



^^ i2Nf - l)a' ( Am, 



for A^/ = , 

(D.34) 

I for Nf > 1. 



The one- instanton calculus is consistent with the exact results Eq. (|6.4|) , when we iden- 
tify the dynamical scales as Aq = V2aAo. By the decoupling relation for the fundamental 
representation, we obtain the relation between the dynamical scales, 

Aj;^^^ = 16a«A^7^^ (D.35) 

For any a the two- instanton calculus and the exact results agree for Nf = 0,1,2 and there 
appear the discrepancies for Nf = 3, 4, as we have already seen in section 6. For the supersym- 
metric SU{3) Yang-Mills theory, the instanton calculus also agrees with the exact results in 
the one- instanton sector for any a. Therefore our result does not depend on the regularization 
scheme. The decoupling relations connecting the Nf = 3 and Nf = 4 theories are given by 
A| = mlq for the instanton calculus and A| = QA^rn^q for the exact results. These relations 
are consistent with Eq. (p.35|) , if we choose a = 2. 
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